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Paper 501 — Advanced Functional Analysis

Fundamental theorem for Normed & Banach spaces:

Zorn's Lemma, Hahn-Banach theorem, Generalised Hahn-Banach theorem, Hahn-
Banach theorem for Normed spaces, Application to bounded linear functionals on Cla, b,
Riesz' s theorem for functionals on C[a, b], Adjoint operator and its norm, Relation between
adjoint and Hilbert adjoint operators, Reflexive spaces, Baire's Category theorem and
Uniform Boundedness theorem with applications, Strong and Weak convergence,
Convergence of sequences of operators and functionals, Open Mapping theorem, Closed
linear operators and Closed Graph theorem.

Spectra Theory of Linear Operators in Normed Spaces:

Spectral theory in finite dimensional normed spaces, Eigen values, Eigen vectors,
Eigen spaces, Spectrum and resolvant set of matrix-definitions, Eigen values of an operator,
Definition of Regular value, Point, Continuous and Residual spectrum, Spectral properties of
bounded linear operators, Properties of Resolvant and Spectrum, Holomorphy and Local
holomorphy, Use of complex analysisin spectral theory.

Compact Linear Operators on Normed Spaces and their Spectrum:

Compact linear operators on normed spaces and their properties, Spectral properties
of compact linear operators on normed spaces.

Spectral Theory of Bounded Self Adjoint Linear Operators:

Spectral properties of bounded self-adjoint linear operator, Theorem on eigenvalues
and eigenvectors, Theorems on resolvent set and spectrum, Residual spectrum theorem,
Positive operators, Product of positive operators, Projection operators and their properties.

Unbounded Linear Operators on Hilbert Space:

Unbounded linear operators and their Hilbert adjoint operators, Symmetric and self-adjoint
linear operators, Closed linear operators Closure of Hilbert adjoint, Spectral properties of
Hilbert adjoint, Spectral representation of unitary operators and self-adjoint operators,
Multiplication and Differential operators, Riesz's theorem, Sequilinear form and Riesz's
representation theorem, Hilbert adjoint operator and its properties, Self-adjoint, Unitary and
Normal operators.
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Paper 502 - Advanced Abstract Algebra

Groups-Normal and Subnormal series, Composition Series. Jordan-Holder theorem.
Solvable groups. Nilpotent groups.

Canonical Forms-Similarity of linear transformations. Invariant subspaces. Reduction
to triangular forms. Nilpotent transformations. Index of nilpotency. Invariants of a nilpotent
transformation. The primary decomposition theorem. Jordan blocks and Jordan forms.

Cyclic modules. Simple modules. Semi-simple modules. Schuler's Lemma. Free
modules.

Field theory-Extension fields. Algebraic and transcendental extensions. Separable and
inseparable extensions. Normal extensions. Perfect fields. Finite fields. Primitive elements.
Algebraicaly closed fields. Automorphisms of extensions. Galois extensions. Fundamental
theorem of Galois theory. Solution of polynomial equations by radicals. Insolvability of the
general equation of degree5 by radicals.

Noetherian and artinian modules and rings-Hilbert basis theorem. Wedderburn-Artin
theorem. Uniform modules, primary modules, and Noether-L asker theorem.

Smith normal form over aprincipal ideal domain and rank.

Fundamental structure theorem for finitely generated modules over a principal ideal
domain and its applications to finitely generated abelian groups. Rational canonical form.
Generalised Jordan form over any field.
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Linear Operators;

Definition, Null space and Range, Rank-Nullity theorem, Operator inverse,
Applicaion to matrix theory, Computation of range and null spaces of a matrix, Matrix of an
operator, Operator algebra, Change of basis, Similar matrices and applications.

Inner Product Spaces:

Definitions and examples, Norms, Orthogonal sets, Fourier coefficients and
Parseval’s identity,Gram-Schmidt process and QR factorization, Approximation and
orthogonal projection, Applications of projection theory and orthogonal complements.

Diagondizable Linear Operators;

Definition of Eigenvalues and Eigenvectors, Spectrum and eigen spaces of an
operator, Properties of characteristic polynomial, Geometric and algebraic multiplicities,
Linear operator with an eigen basis, Functions of diagonalizable operators, First order matrix
differential equations, Estimate of eigen value and application to finite difference equations.

Normal Operators:

Adjoints and classification of operators, The spectral theorem, Application to matrix
theory, Extremum principles for Hermitian operators, The power method for dominant eigen
values and eigen vectors with secondary approximation, Inverse power method and subspace
methods.
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OPTIONAL PAPERS

Fourier Transforms:

Introduction, Basic concepts and definitions, The Fourier Integral formulae,
Definition and examples of Fourier transforms, Basic properties of Fourier transforms,
Applications of Fourier transforms to ordinary differential equations; integral equations and
partial differential equations, Fourier cosine and sine transforms with examples, Properties of
Fourier cosine and sine transforms, Application of Fourier cosine and sine transformsto
partial differential equations and evaluation of definite integrals.

Laplace Transforms:

Introduction and definition of Laplace transforms with examples, Existance condition
and basic properties of Laplace transforms, The convolution theorem and properties of
convolution, Differentiation and integration of Laplace transforms, The inverse Laplace
transforms and examples, Tauberian theorem and Watson's lemma, Laplace transforms of
fractional integrals and fractional derivatives, Application of Laplace transforms to ordinary
and partial differential equations; initial and boundary value problems and Integral equations;
Evaluation of definite integral and solution of difference as well as differential equations.

Finite L aplace Transforms:

Introduction, Definition of finite Laplace transforms with examples, Basic operational
properties of finite Laplace transforms, Application of finite Laplace transforms and
Tauberian theorem.

Finite Fourier Cosine and Sine Transforms:

Introduction and definition of finite cosine and sine transforms with examples, Basic
properties of finite Fourier cosine and sine transforms, Application of finite Fourier cosine
and sine transforms.
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Hankel Transforms;

Introduction and definition of Hankel transforms with examples, Operational
properties of the Hankel transforms and its application to partial differential equations.

Finite Hankel Transforms:

Introduction and definition of the finite Hankel transforms with examples, Basic
operational properties and applications of finite Hankel transforms.

Meéllin Transforms:

Introduction and definition of Mellin transforms with examples,Basic operational
properties and applications of the Mellin transforms, Méellin transforms of the Weyl
fractional integrals and weyl fractional derivatives, Application of Méellin transforms to
summation of series.

Z-Transforms:
Introduction, Dynamic linear systems and Impulse response, Definition of the Z-
transforms and examples, Basic operational properties, The inverse Z-transform and

examples, Application of Z-transforms to finite difference equations.

Hilbert and Stieltjes Transforms (HST):

Introduction and definition of HST with examples, Basic operational properties of
HST, Hilbert transform in the complex plane and its applications, Inverse theorem for
Stieltjes transform and its application, Asymptotic expansion of of the one sided Hilberet
transform, The generalised Stieltjes transform, Basic properties of the generalised Stieltjes
transforms with applications.
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Infinite Products:
Introduction and definition, Necessary and sufficient condition for convergence,
absolute convergence and uniform convergence.

The Hyper Geometric Function:

The function F(ab; c;z), A simple integra formula, F(ab;c;1) as a function of
parameters, Evaluation of F(a,b;c;1), The continuous function relation, The Hypergeometric
differential equations and their logarithmic solutions, Elementary series manipulations,
Simple transformations, Relation between function of z and that of (1 — z), A quadratic
transformation, Kummar’ s theorem, Some additional properties.

Bessal’ s Functions:

Definition of Jy(z), Bessel’s differential equation, Differential and pure recurrence
relation, Generating functions, Bessel’ s integralsindex half an odd integer, Modified Bessel’s
functions, Neumann polynimial and Neumann series.

L egendre Polynomials:

The generating function, Differential and pure recurrence relations, Legendre's
differential equation, The Rodrigues formula, Batemann generating function, Additional
generating functions, Hypergeometric forms of P,(x), Brafman's generating function,
Properties of P,(x) with more generating functions,Laplace first integral form, Bounds on
Pn(x), Orthogonality theorem, Expausition theorem, expansion of x" and expansion of
analytic functions.

Hermite Polynomials:

Definition of Hp(x), Recurrence relations, Rodrigues formula and generating
functions, integrals, Hermite polynomial as a {F,, orthogonality, Expansion of polynomials
and more about generating functions.

L equerre Polynomials:

A Polynomial L,*(x), Generating functions and recurrence relations, The differential
equation, Orthogonality, Expausition of polynomia and special properties, Other generating
functions, The ssmple Leguerre polynomial.
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The Hyper Geometric Function:

The function F(ab; c;z), A simple integral formula, F(ab;c;1) as a function of
parameters, Evaluation of F(a,b;c;1), The continuous function relation, The Hypergeometric
differential equations and their logarithmic solutions, Elementary series manipulations,
Simple transformations, Relation between function of z and that of (1 — z), A quadratic
transformation, Kummar’ s theorem, Some additional properties.

Generalised Hypergeometric functions:

The function pFq The Exponential and Binomial functions, Differential equation and
its various solutions, The continuous function relations with simple integral, ,Fq with unit
argument, Saalschutz’ theorem, Whippl€e's theorem, Dixon’s theorem, Contour integrals of
Barnes' type, The Barnes integrals and the function F, with some useful integral.

The Confluent Hypergeometric Function:
Barie properties of 1F;, Kummar’sfirst and second formula.

Generating Functions:

Concept of the generality function, The generating function of the form G(2xt — t9),
Sets generated by €wy(xt), The generating function A(t)exp[*/.y], Another class of
generating functions and its extension.

Orthogonal Polynomials:

Simple sets of polynomials, Orthogonality and equivalent condition for orthogonality,
Zeros of orthogona polynomials, Expansion of polynomials, The three — term recurrence
formula, The Cristoffel — Darbaux formula, Normalization, Bessel’ s inequality.

Jacobi Polynomials:

The Jacobi polynomials, Bateman’s generating function, The Rodrogues formula and
orthogonality, Differential and pure recurrence relations, Mixed relations, Appell’s functions
of two variables, Elementary generating functions, Brafman's generating functions,
Expansion in series of polynomials.
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Paper 5021 — Computational Fluid Dynamics

e Basic Ideas of Computational Fluid Mechanics

e Governing Equations of Fluid Mechanics

e Classification of Quasi-Linear PDEs

e Additional Issues of CFD: Space-Time Resolution of flows
e Discretization of PDEs

e Solution methods for Parabolic PDESs and their Analysis

e Solution methods for Elliptic PDEs

e Solution of Hyperbolic PDEs

e Grid Generation

e Finite Difference Methods for PDE & Finite Volume Methods
e Solution of Navier-Stokes Equation

e ODE and PDE Solver (Practicals)
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Understanding MATLAB

e Introduction to MATLAB, Matlab Windows, Symbolic Calculations, Basic
Features

Files and Directory management, File [/O operations

Working with Arrays of Numbers

Matrices and Vectors, Operations on Matrices

Arithmetic, Relational, Logical, operations, Elementary math functions
Script and Functions, Subfunctions

Applicationsin Linear Algebra, Curve Fitting and Interpolation, Numerical
Integration, Ordinary Differential Equations

e 2-D, 3-D Graphics

Numerical Analysis

Solution of algebraic and transcendental equations

Numerical Solution methods for Differential Equations

Solution of System of Linear Equations: Matrix inversion, Jordan’s method

LU and Cholesky factorisations

Pivoting, Gauss Elimination method, Jacobi’ s, Gauss-Seidel method

Algebraic Eigen Value Problem, Properties of eigen values, eigen vectors, Power
method, inverse power method, Given's method, Schur and Gershgorins theorem
L east square polynomial approximation

Numerical Solution of ODE: Runge Kutta methods, Milne Simpsons’ method
Finite Difference Methods for ODE

System of non-linear equations: Newton Raphson’s method.
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